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Symbols of operators acting on Hd

�Dequantization�: fA(k) = Tr
[
ÂÛk

]

�Quantization�: Â =
∑
k
fA(k)D̂k

Simple properties:

Tr
[
Ûk′D̂k

]
= δ(k, k ′),

∑

k′
fA(k ′)δ(k, k ′) = fA(k).
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F-product scheme
Symbol of the operator ÂB̂ is

(fA ? fB)(k) ≡ fAB(k) =
∑

k ′,k ′′
fA(k ′)fB(k ′′)K (k ′, k ′′, k),

where the kernel K is expressed in terms of dequantizer and
quantizer operators

K (k ′, k ′′, k) = Tr
[
D̂k′D̂k′′Ûk

]
.

Associativity:
fABC (x) = (fA ? fB ? fC )(x) =

(
(fA ? fB)? fC

)
(x) =

(
fA ? (fB ? fC )

)
(x)

K (3)(k ′, k ′′, k ′′′, k)

=
∑

l
K (k ′, k ′′, l)K (l , k ′′′, k) =

∑

l
K (k ′, l , k)K (k ′′, k ′′′, l).
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ÂB̂Ĉ D̂ :

K (4)(k ′, k ′′, k ′′′, k ′′′′, k)

=
∑

l ,m
K (k ′, k ′′, l)K (l , k ′′′,m)K (m, k ′′′′, k)

=
∑

l ,m
K (k ′, k ′′, l)K (l ,m, k)K (k ′′′, k ′′′′,m)

=
∑

l ,m
K (k ′, l ,m)K (k ′′, k ′′′, l)K (m, k ′′′′, k)

=
∑

l ,m
K (k ′, l , k)K (k ′′, k ′′′,m)K (m, k ′′′′, l)

=
∑

l ,m
K (k ′, l , k)K (k ′′,m, l)K (k ′′′, k ′′′′,m)
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Mutually unbiased bases (MUBs)

Full set of MUBs is a collection of d + 1 bases {|aα〉}d−1α=0
(a = 0, . . . , d is the basis number,
α = 0, . . . , d − 1 refers to one of the states belonging to basis a)
such that

|〈aα|bβ〉|2 =
1
d (1− δa,b) + δa,bδα,β (1)

|〈aα|bβ〉|2 =
1
d if a 6= b
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MUB tomography

�Scanning�: paα = 〈aα|ρ̂|aα〉 = Tr
[
ρ̂Π̂aα

]

d−1∑

α=0
paα = 1,

d∑

a=0

d−1∑

α=0
paα = d + 1

�Reconstruction�:

ρ̂ =
d∑

b=0

d−1∑

β=0
pbβ

(
Π̂bβ −

1
d + 1 Î

)
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MUB F-product scheme

Ûaα = Π̂aα, D̂aα = Π̂aα − 1
d + 1 Î

�Dequantization�: fA(a, α) = Tr
[
ÂΠ̂aα

]

�Quantization�: Â =
d∑

a=0

d−1∑
α=0

fA(a, α)

(
Π̂aα − 1

d + 1 Î
)

Delta function on symbols

δ(a, α; b, β) = Tr
[
D̂aαÛbβ

]
= Tr

[
Π̂aαΠ̂bβ

]− 1
d + 1

=
1

d(d + 1) + δa,b

(
δα,β − 1

d

)
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MUB triple product Taα,bβ,cγ = Tr
[
Π̂aαΠ̂bβΠ̂cγ

]

MUB star-product kernel

K (a, α; b, β; c , γ) = Tr
[
D̂aαD̂bβÛcγ

]

= Taα,bβ,cγ +
δa,c + δb,c
d(d + 1) − δa,cδα,γ + δb,cδβ,γ

d + 1 − d + 2
d(d + 1)2

4-product

Tr
[
Π̂aαΠ̂bβΠ̂kκΠ̂lλ

]
=

d∑

c=0

d−1∑

γ=0
Taα,bβ,cγTcγ,kκ,lλ

−
( 1
d (1− δa,b) + δa,bδα,β

)( 1
d (1− δk,l ) + δk,lδκ,λ

)
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Symmetric informationally complete POVM (SIC-POVM)

SIC-POVM is a set of d2 e�ects of the form Ei = 1
d Π̂i , where

rank-1 projectors Π̂i = |ψi 〉〈ψi | satisfy the relation

Tr
[
Π̂i Π̂j

]
= |〈ψi |ψj〉|2 =

dδij + 1
d + 1

( δij is the Kronecker delta symbol )

Problem. To prove or disprove the existence of SIC-POVM in
Hilbert space Hd of an arbitrary dimension d .
Achieved so far results: the existence is proved analytically in
dimensions d = 2, . . . , 15, 19, 24 and numerically for d ≤ 67.
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Example. Symmetric set of vectors in H2:

|ψ1〉 =
1√
2
√
3

( √√
3 + 1√√
3− 1 e iπ/4

)
,

|ψ2〉 =
1√
2
√
3

( √√
3− 1√√
3 + 1 e−iπ/4

)
,

|ψ3〉 =
1√
2
√
3

( √√
3− 1√√
3 + 1 e i3π/4

)
,

|ψ4〉 =
1√
2
√
3

( √√
3 + 1√√
3− 1 e−i3π/4

)
.
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SIC-projectors in H2:

Π̂1 =
1

2
√
3

( √
3 + 1 1− i
1 + i

√
3− 1

)
,

Π̂2 =
1

2
√
3

( √
3− 1 1 + i
1− i

√
3 + 1

)
,

Π̂3 =
1

2
√
3

( √
3− 1 −1− i

−1 + i
√
3 + 1

)
,

Π̂4 =
1

2
√
3

( √
3 + 1 −1 + i

−1− i
√
3− 1

)
.

Note that Tr
[
Π̂i

]
= Tr

[
Π̂2
i
]

= Tr
[
Π̂3
i
]

= 1 for all i = 1, ..., 4
Tr

[
Π̂i Π̂j

]
= 1/3 if i 6= j .
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Projectors {Π̂i}4i=1 form a basis of operators acting on H2
(linear space of 2× 2 matrices).
Illustration of SIC-projectors:

Π̂i = 1
2

(
Î + (σ̂ · ni )

)
= 1

2

(
Î + nix σ̂x + niy σ̂y + niz σ̂z

)
,

where I =

(
1 0
0 1

)
,

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
,

unit vectors
n1 = 1√

3
(
1 1 1

)
, n2 = 1√

3
(
1 −1 −1 )

,
n3 = 1√

3
( −1 1 −1 )

, n4 = 1√
3
( −1 −1 1

)
.
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Motivation is SIC-tomography

For any operator ρ̂ acting on Hd we have

pi =
1
dTr

[
ρ̂Π̂i

]
, ρ̂ = (d + 1)

d2∑

i=1
pi Π̂i − Î . (2)

For density operator (ρ̂ ≥ 0, Tr
[
ρ̂
]

= 1) numbers {pi}d2i=1 are
probabilities.
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SIC F-product scheme

pi =
1
dTr

[
ρ̂Π̂i

]
, ρ̂ = (d + 1)

d2∑

i=1
pi Π̂i − Î .

Ûi =
1
d Π̂i and D̂i = (d + 1)Π̂i − Î , i = 1, . . . , d2

Notation. Tijk = Tr
[
Π̂i Π̂j Π̂k

]
is triple product.

Dij = Tr
[
Ûi D̂j

]
= δij ,

Kijk =
1
d

[
(d + 1)2Tijk − d(δik + δjk)− 1

]
.

d2∑

m=1

(
TijmTmkl − TimlTjkm

)

=
d

(d + 1)3
[
(dδij + 1)(dδkl + 1)− (dδjk + 1)(dδil + 1)

]
,
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4-product

Tr
[
Π̂i Π̂j Π̂kΠ̂l

]
=

d + 1
d

d2∑

m=1
TijmTmkl −

(dδij + 1)(dδkl + 1)
(d + 1)2 .

5-product

Tr
[
Π̂i Π̂j Π̂kΠ̂l Π̂m

]
=

(d + 1)2
d2

d2∑

n,p=1
TijnTnkpTplm

−Tijk
dδlm + 1
d + 1 − (dδij + 1)(dδlm + 1)

(d + 1)2 − dδij + 1
d + 1 Tklm.
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Qubits: d = 2

Tijk =
1
4
{
1 + (ri · rj) + (rj · rk) + (rk · ri ) + i(ri · [rj × rk ])

}
,

In our case (ri · rj) = (4δij − 1)/3 and (ri · [rj × rk ]) = −4εijk/3
√
3,

where εijk is antisymmetric with respect to permutations and
ε123 = ε134 = ε142 = ε432 = 1.

Tijk =
1
3
{

δij + δjk + δki −
i√
3
εijk

}
,

Kijk =
1
2
{
3δij − i

√
3εijk − 1

}
.
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Conclusion. The full set of MUBs and SIC-POVM (if they do
exist) must obey general rules of the star product.

Further information:
I Mutually unbiased bases: tomography of spin states and

star-product scheme // Phys. Scr. T143, 014010 (2011)
I SIC-POVM and probability representation of quantum

mechanics // J. Rus. Laser Res. 31, 211 (2010),
arXiv: 1005.4091 [quant-ph]

I Di�erent bases of operators acting on Hilbert spaces //
J. Rus. Laser Res. 32, 56 (2011), arXiv: 1012.6045 [quant-ph]
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Thank you for listening!

http://�lippovsn.�zteh.ru/
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Bon app�etit!
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