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Symbols of operators acting on 75

A A

“Dequantization”: fa(k) = Tr[AU]

“Quantization™: A= fa(k)Dy
k

Simple properties:

Te[Uw D] = 6(k, k'),

ZfA (K"6(k, k') = fa(k).
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*-product scheme

Symbol of the operator AB is

(fA * fB)(k) = fAB Z fA fB k” (k,, k//, k),
k/ k//
where the kernel K is expressed in terms of dequantizer and
quantizer operators

K(K', K", k) = Tr[ Dy Dyr U]
Associativity:

ngc(X) = (fA*fB*fc)(X) = ((fA*fB)*fc)(X) = (fA*(fB*fc))(X)

( / kl/ k/// )
Z KK K DKL K" k) =Y KK 1 kK (K K", D).

i 1
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ABCD :

K(4)(k/ P k)
= ZK k’ k" /)K( k’”,m)K(m, k////,k)

_ ZK (K' K" DK (I, m, kYK (K" k"™ m)
= ZK k’7/,m K k//’ k///7 /)K(m, km/,k)
= Z K(k” /, k)K(k”’ k///’ m)K(m, k”", /)

= SR, 1 KK (K, m, DK (K", K™ m)
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Mutually unbiased bases (MUBs)

Full set of MUBs is a collection of d + 1 bases {|ac)}9_1

(a=0,...,d is the basis number,

a=0,...,d — 1 refers to one of the states belonging to basis a)
such that
1
|(aalbB)|? = (1= 0ap) +dapdas (1)

(aalbB)P =% i a#b
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MUB tomography

“Scanning™: Paa = (acaplac) = Tr [ﬁﬁaa]
d-1 d d-1
Zpaazla Zzpaa:d+1
a=0 a=0 a=0

“Reconstruction™:
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MUB Y-product scheme

“Dequantization”: fa(a, o) = Tr [Aﬁaa]

~ d d-1 R 1 .
“Quantization”: A= > fala,a) <|‘|aa — />
Delta function on symbols

0(a,c; b,8) = Tr[ﬁaalAJbg] = Tr[ﬁaaﬁbﬁ]

1 1
= — = a5 ==
dd+1) " a"’(“ﬁ d)
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MUB triple product T,q pg.cy = Tr[lclaalclbﬁlclm]
MUB star-product kernel

K(a,a; b, 3;¢,v) = Tr[baaﬁbgfjm]
5a,c + 5b,c 53,6604,’}/ + 5b,c56,*y d+2

= laabgey T gy T d+1 ~d(d +1)2
4-product
d d—1
Tr[Maallpales 1] = Z Z Taa,bB,cy Tey koo In
c=0~vy=0

1 1
— (d(l — 0ap) + 5a,b5a,ﬁ> <d(1 — k1) + 5k,15%,/\>
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Symmetric informationally complete POVM (SIC-POVM)

SIC-POVM is a set of d? effects of the form E; = %ﬁ;, where
rank-1 projectors 1; = |¢);) (1| satisfy the relation

PN dé;+1
Tr ;0] = |<¢i’¢j>|2 = dji—i—l

( 6jj is the Kronecker delta symbol )

Problem. To prove or disprove the existence of SIC-POVM in
Hilbert space %4 of an arbitrary dimension d.

Achieved so far results: the existence is proved analytically in
dimensions d = 2,...,15,19,24 and numerically for d < 67.
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Example. Symmetric set of vectors in 765:

1) = — vitl
V= as \ VABo 1 )

ey = —— ( VY31

2/ = 3 [V3+1 e /4 )’
PR A%

3/ = 3 /3 + 1 e3n/4
gy = — A VI

YV B\ VVEB—1e A )
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SIC-projectors in 75:

qo_ L V3+1 1—
=53\ 147 v3-1 )
Ao L V3—-1 1+
2T o3\ 1—i V3+1 )’
. 1L V3—-1 —-1-i
3T o3\ —14i V341 )’
oo L V3+1 —1+i
T o3\ —1—i vB3-1 )"

Note that Tr[lcl} :Tr[ ,} :Tr[l_l3] =1foralli=1,.
Tr[ﬁﬁ}—l/?)lfI?éJ
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Projectors {Icl,-}f-‘:1 form a basis of operators acting on 7%
(linear space of 2 x 2 matrices).

lllustration of SIC-projectors:

M = 1 (7 + (6 - n,-)) =1 (7 + nixox + ny Gy + n,-zﬁz),

10
Wherel—<01>,
(01 (0 —i (10
>“=\10 )% i 0o )% o 1)

unit vectors

np=2(111)m=23(1 -1 -1),
n3==(-11 -1)m=_(-1-11)
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Motivation is SIC-tomography

For any operator p acting on % we have

d2

1 o “ N A

pi=4Tr ], p=(d+1)> pfli—1. (2)
i=1

For density operator (5 > 0, Tr[p] = 1) numbers {p;}f’il are
probabilities.
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SIC Y -product scheme

d2
1 .o ) L
pi = S Tr[pMi], p=(d+1)) pfli -1
i=1
~ 1~ A ~ ~
Ui=-Mi  and  Di=(d+D)fli -1, i=1,...,d°

Notation. T = Tr[ﬁ;ﬁjﬁk] is triple product.
D, = Tr[U:D)] = o,

1
Kijk = g [(d + 1)2 T,'J'k — d(é,’k —+ 6jk) — 1] .
d2
Z (Tijm Tkt = Timi Tjkem)
m=1
d
CESE [(d&'j +1)(do +1) — (ddjx + 1)(ddi + 1)],
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4-product

N d+1 (doj +1)(ddy +1)
Te (1711, Z T Tk — CES

5-product

d2
AAAAA d+1)2
Te[(1;0;0,71,,] = w > Tijn Takp Toim

n,p=1
Ao+ 1 (dO; +1)(dopm +1)  doj + 1
— Tij - 5 - Tkim-
d+1 (d+1) d+1
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Qubits: d =2

1 .
Tje = 3{1+ (6 0) + (55 vi) + (k- m) + il [y < )
In our case (r; - r;) = (46; —1)/3 and (r; - [r; x r¢]) = —4e;i/3V/3,
where € is antisymmetric with respect to permutations and
€123 = €134 = €142 = €432 = 1.
1 i
Tijk = 5{5:'1 + Ojk + Oki — %&'jk},

1 .
Kijk = 5{35,}' — 1\/§E,jk — 1}.
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Conclusion. The full set of MUBs and SIC-POVM (if they do
exist) must obey general rules of the star product.

Further information:
» Mutually unbiased bases: tomography of spin states and
star-product scheme // Phys. Scr. T143, 014010 (2011)

» SIC-POVM and probability representation of quantum
mechanics // J. Rus. Laser Res. 31, 211 (2010),
arXiv: 1005.4091 [quant-ph]

» Different bases of operators acting on Hilbert spaces //
J. Rus. Laser Res. 32, 56 (2011), arXiv: 1012.6045 [quant-ph]
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Thank you for listening!

http:/ /filippovsn.fizteh.ru/
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Bon appétit!
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